arXiv:1504.03829vl [quant-ph] 15 Apr 2015 


LIMITING OPERATIONS FOR SEQUENCES OF QUANTUM RANDOM 
VARIABLES AND A CONVERGENCE THEOREM FOR QUANTUM 

MARTINGALES 

KYLER S. JOHNSON AND MICHAEL J. KOZDRON 


Abstract. We study quantum random variables and generalize several classical limit results to the 
quantum setting. We prove a quantum analogue of Lebesgue’s dominated convergence theorem and 
use it to prove a quantum martingale convergence theorem. This quantum martingale convergence 
theorem is of particular interest since it exhibits non-classical behaviour; even though the limit of 
the martingale exists and is unique, it is not explicitly identihable. However, we provide a partial 
classihcation of the limit through a study of the space of all quantum random variables having 
quantum expectation zero. 


1. Introduction 

In 2011, while studying classical and non-classical convexity properties of the space of positive 
operator valued measures on the Borel sets of a locally compact Hausdorff space X with values in 
B{H), the algebra of linear operators acting on a d-dimensional Hilbert space "H, Farenick, Plosker, 
and Smith [1] introduced a transform that associates any positive operator valued measure v with 
a certain completely positive linear map r(u) of the homogeneous C*-algebra C{X) 0 B{'H) into 
B(T-L). This association was achieved by using an operator valued integral in which operator valued 
functions are integrated with respect to positive operator valued measures and which has the feature 
that the integral of a random quantum effect is itself a quantum effect. 

Farenick and Kozdron [2] helped provide a better mathematical understanding of quantum prob¬ 
ability by introducing a quantum analogue for the expected value [ijj] of a quantum random 
variable V’ relative to a quantum probability measure u using the operator valued integral of [1]. 
This led to theorems for a change of quantum measure and a change of quantum variables. They 
also introduced a quantum conditional expectation which resulted in quantum versions of some 
standard identities for Radon-Nikodym derivatives, and allowed them to formulate and prove a 
quantum analogue of Bayes’ rule. 

It is a basic fact of functional analysis that if -i/; : A —)• C is an essentially bounded function on a 
probability space {X,X{X), fi), then the essential range of is precisely the spectrum of i/', where 
one considers as an element of the von Neumann algebra L°°{X, fi). Recently, Farenick, Kozdron, 
and Plosker [3] arrived at a similar result for essentially bounded quantum random variables on 
quantum probability spaces using higher dimensional spectra. Their investigation of quantum 
variance also involved notions from spectral theory, and they discovered that the quantum moment 
problem admits a characterisation entirely within spectral terms. 

In the present work, we build on these earlier results by considering for the first time limiting 
operations for sequences of quantum random variables and quantum probability measures including 
a quantum analogue of Lebesgue’s dominated convergence theorem and a discrete Fubini-type 
theorem. As in those earlier investigations, the noncommutativity of operator algebra leads to 
some structure that simply does not appear in the classical setting. Using the quantum conditional 
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expectation of Farenick and Kozdron [2], we also establish a quantum martingale convergence 
theorem for quantum martingales obtained by conditioning on a hxed quantum random variable. 
This theorem is of particular interest since it strongly exhibits non-classical behaviour; even though 
the limit of the martingale exists and is unique, it is not identihable. However, we provide a partial 
classihcation of the limit through a study of the space of quantum random variables having quantum 
expectation zero. 

The outline of the paper is as follows. In Sectionwe introduce our notation and summarize the 
relevant results of and [1] . We provide our hrst limiting results in Section and then study 

quantum random variables having quantum expectation zero in Section]^ Finally, in Sectionwe 
develop our quantum martingale convergence theorem. 

2. Notation and background results 

We will always write H for a d-dimensional Hilbert space, B{%) for the C*-algebra of linear 
operators acting on %, and for the cone of positive operators. The predual of is 

denoted by T{T-i), the space of trace-class operators. Since H is hnite dimensional, B{J-i) and T{%) 
coincide as sets. Finally, X shall denote a locally compact Hausdorff space and F{X) a u-algebra of 
subsets of X. A particular cr-algebra of interest is 0{X), the Borel sets of X. A density operator, or 
state, on is a positive trace-class operator p such that Tr(/9) = 1; the set of all density operators is 
denoted by SiT-L). By a quantum effect we mean a positive operator h G with the property 

that every eigenvalue X oi h satishes 0 < A < 1, and we let Eff('H) denote the set of quantum 
effects. Note that every state p G S{J-L) is also a quantum effect. A set function u : X{X) — Bil-L) 
is called a positive operator valued measure (POVM) if 

(a) v{E) G Eff(H) for every E G F{X), 

(b) i>{X) / 0, and 

(c) for every countable collection {Ek}^^i C F{X) with Ej n = 0 for j / A: we have 

( oo \ oo 

(JeA =Y.u{Ek). 
k=l J k=l 

If, in addition, u(X) = 1 G B{'H), then u is called a quantum probability measure. The convergence 
in 0 above is normally assumed to be with respect to the ultraweak topology; however, because 
B{'H) has hnite dimension, the convergence in Q may be taken with respect to any of the usual 
operator topologies on B{T-L). The POVM u : E{X) —)• B{l-L) induces the classical (i.e., scalar 

valued) measure p, via p = ^Trov, where Tr is the canonical trace on B{'H). Note that if u 

is a quantum probability measure, then /i is a classical probability measure. We call the triple 
{X,F{X),u) a quantum probability space. 

A function ip : X ^ B{'H) is said to be measurable (i.e., a quantum random variable) if, for 
every pair rj € Ti, the complex valued function x i—?• {ip{x)^,rj) is measurable (i.e., a random 
variable) in the classical sense. In fact, it is known [3] that ip : X ^ B{'H) is measurable if and 
only if ip~^{U) is a measurable set, for every open set U C B{'H). 

The predual of the von Neumann algebra L°°{X, p)^B(pH) is given by L}j-^^^{X, p)-, see Theo¬ 
rem IV.7.17 of [9]. In particular, if T G L°°{X, p)®BipH), then there is a bounded quantum random 
variable ip : X ^ B{'H) such that, for each / G L}j-^y^^{X, p), the complex number T(/) is given by 

= ^^Tr(/(x)V^(x)) dp{x). 

Although Ip is not unique, it is unique up to a set of //-measure zero. We therefore identify T 
and Ip and consider the elements of L°°{X, p)0B{'H) to be bounded quantum random variables 
Ip : X ^ B{'H). Note that {X, p)0B(T-L) = L°^{X,p) (g) Md{C) where MdiC) is the space of 
d X d matrices over C. 
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We end this section by stating a number of theorems and definitions from and [1] relevant 

for our purposes. Recall that if ui and 1^2 are both positive operator valued measures on {X,T{X)), 
then U 2 is absolutely continuous with respect to ui, written 1/2 <Cac if ^ 2 {E) = 0 for every 
E G E{X) with yi{E) = 0. Furthermore, if /r is a classical measure, then we can always view // as 
the scalar valued POVM /r • 1. 


Theorem 2.1. If ly is a POVM on {X,X{X)), then v is absolutely continuous with respect to the 

induced classical measure n, and there exists an iF(X)-measurable function —— such that 

dp, 


( 2 ) 


du 


for all E G E(X) and all ^ € H. The function — is called the principal Radon-Nikodym derivative 

dp 

of u and is a positive operator for p-almost all x £ X. 


Definition 2.2. A measurable function : X ^ B{%) is u-integrable if for every density operator 
p the complex valued function 

ippix) = Tt ^,xGA, 

is ;U-integrable. The integral of a u-integrable function : X ^ BifH.) is defined to be the unique 
operator acting on % having the property that 


for every density operator p. 




fjp dp, 


Theorem 2.3. If vi, V 2 are POVMs on {X,X{X)), then V 2 <Cac ui if and only if there exists a 

bounded vi-integrable EiX)-measurable function -—, unique up to sets of vi-measure zero, such 

dvi 

that 


for every E G E{X). Moreover, 

dv2 

dvi 


dp2 

dpi 


V2{E) = f 

Je dui 

f du2 \ 


dpi 


VdM2y 


dui 

dpi 


-1/2 


and is called the non-principal Radon-Nikodym derivative of U 2 with respect to ui. 


Recall from [6] and [8] that if a, 6 G are both invertible, then the geometric mean of a 

and b is the positive operator affb dehned by a#6 = If a, 6 G B{PL)+ are 

non-invertible, then affb is defined by 


affh= lim (a-I-el)#(6-|-el), 
£->• 0 + 


with convergence in the strong operator topology. If vi and V 2 are both quantum probability 
measures with V 2 <Cac ui and if : X —)■ B{PL) is a quantum random variable, then we dehne 


if lEI 


du2 

dui 


((£)Ag)(£)”.(£)'"((£)Ag). 


( 3 ) 
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In particular, 


dfi 


d^J 


T- = ( T- 1 V' 


1/2 


\dfj, J 


Definition 2.4. If u : J-{X) —)■ B{T-l) is a quantum probability measure, then the quantum 
expectation of -ip with respect to v is the map : L°°{X, —)• B(T-l) defined by 


Ei. [-0] = [ip du. 

Jx 

Recall [71 Chapter 3] that a linear map (/> : .A —)• R of unital C*-algebras is a unital completely 
positive (ucp) map if = Ig and the induced linear maps tp ® idn : A ® Mn{C) B® Mn{C) 

are positive for every n G {1,2,...}. 


Theorem 2.5. Quantum expectation is a completely positive operation. That is, the linear map 
Ejy : L°°{X, p)^B{pH) —)• B{TL) is a ucp map, for every quantum probability measure v. 


The following example shows that one can view Ej^ \ip] as a quantum averaging of V’- A version 
of this first appeared in [3]; see also Theorem 2.3(4) of [2]. 


Example 2.6. Let X = {xi,..., Xn} and let X{X) be the power set oi X. If hi,..., G B{pH)+ 
are such that hi + • • • + hn = 1 G B{TL), and v satisfies v{{xj}) = hj for } = 1,..., n, then for every 
ip:X^B{U), 





= ^h]/‘^ip{xj)h]/‘^. 


3 


3. Continuity of quantum expectation 

In this section we establish a natural quantum analogue of the classical dominated convergence 
theorem, namely Theorem |3.4[ continuity of quantum expectation, along with some related results. 

Definition 3.1. Let ip : X ^ B{TL) and suppose that {ipn}^=i is a sequence of quantum random 
variables. We say ipn converges ultraweakly /i-almost surely to ip if Tr(p'0„(x)) —)• TT:{pip{x)) for all 
p G S{TL) and /r-almost all x G X. 


It is an easy fact that the ultraweak /i-almost sure limit ip of the previous definition is itself a 
quantum random variable. 

Lemma 3.2. Let ip : X ^ B{'H) and suppose that {ipn}^=i is a sequence of quantum random 
variables. If ipn converges ultraweakly p-almost surely to ip, then ip is a quantum random variable. 


Proof. Since ipn converges ultraweakly /i-almost surely to ip, it follows that TT{pipn{x)) —)• Ti{pip(x)) 
for all yO G 5'('R) and /i-almost all x G X. But since each Tr(yO'0„(x)) is a complex valued random 
variable, the limit of the sequence {Tr(/R/’n(a^))}^o converges to a complex valued random variable, 
namely Ti{pip{x)) for each x G X, and therefore V’ is a quantum random variable. □ 


Lemma 3.3. Let {ipn}^=i be a sequence of quantum random variables. If ipn converges ultraweakly 

p-almost surely to ip, then ipn Kl — converges ultraweakly p-almost surely to ipM —. 

dp dp 


Proof. For p G S{'H) and x G X, let px = 


I du , , 

TVP-W 


1 -1 




\dp 


\dp 


, and 


notice that px G S{'H). Therefore, using the assumption that ipn converges ultraweakly /i-almost 
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surely to ip along with properties of the trace functional, 

Ji^Tr ^ = J-^^Tr Tvip^'tpnix)) = Tr Tr l^'ipnix)^ 


du 


dp 


= Tr p^^ix) Tr {p^il){x)) = Tr p V’ ^ c" (®) 


du\ 


d^ J 


as required. 

We now prove the main result of this section, namely continuity of quantum expectation. 


□ 


Theorem 3.4 (Continuity of Quantum Expectation). Let -ip : X ^ B{T-L). 'is a sequence 

of u-integrable quantum random variables that converges ultraweakly p-almost surely to ^p, and if 
there exists a p-integrable random variable Z : X ^ C such that 


Tv { p 


< Z 


almost surely for all p G SifH), then ip is u-integrable and [ipn] —>• [ip] ultraweakly. 


Proof. Begin by defining the sequence of complex valued random variables \ipp hyipp — 

Ti (p (Ipn ^ ) ) • Using properties of the trace functional along with Lemma 

V V d^/y 


'”'i“ 1 by #> 
we obtain 


3.3 


lim = lim Tr ( p (ipp 
n^oo ^ n^oo V V 


) = Tr ( p lim ( ip^. 


du\ 

dp) 


= Tt{p [ip 


du\ 

d^y 


That is, converges pointwise //-almost everywhere to Tr lEI j j ■ assumption, 

the sequence is bounded by a /t-integrable random variable Z : X —>• C so by Lebesgue’s 

dominated convergence theorem, Tr ( u (Kl — ) ) is a u-integrable random variable, and for 

V V d//yy 

every p G S{T-L), 


diy\ 


lx 


Tr { p{ipn^ ) dp 


lx 


Tr ( p (//; K ) d//. 


Therefore V’ is a u-integrable function and Tr[pEu [ipnf) Tr{pEu [ip]) which implies that Ey [ipn\ —^ 
Ey [ip] ultraweakly. □ 

As a first application of the continuity of quantum expectation we prove that, under certain 
conditions, quantum expectation is linear over infinite sums. In fact, this could even be considered 
as a special case of a quantum Fubini-type theorem. 

Theorem 3.5. Suppose that {ipn}fPLi i^ ® sequence of u-integrable quantum random variables. If 
OO N 

E ipn = lim > Ipn exists where convergence is with respect to the ultraweak topology ofBCH), 


N^oo 
n=l n=l 


then Ipn is a v-integrable quantum random variable with E^, 


n=l 




_n=l 


[V’n] • 


n=l 


N 


Proof. Let px = so that px converge ultraweakly //-almost surely to p where p = 


n=l 


n=l 


By Lemma 3.2, </? is a quantum random variable, and by Theorem 3.4 p is u-integrable and 


( 4 ) 


lim Ey [(/iTvl = Ey [p]. 
X^oo 
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However, finite additivity of quantum expectation gives [(/?Ar] = Ej, 
from Q we obtain 


N 




_n=l 


N 

Y 

i=i 


so 


N 


Y. lA] = lim Y A [A] = lim Ej, [(pA = A M = K 

< ^ AT—Vrv-i < ^ /V_vrv-i 


n=l 


N^oo N^oo 

n=l 


Ya 

.n=l 


as required. □ 

As an example of the type of calculations possible using the previous result, consider the following. 
Corollary 3.6. If^jj is an effect valued quantum random variable such that 'f{x) / 0 and 'f{x) 1 

OO 

for all X £ X, then E^, ['0[1 — (1 + 1 /^“^)“^]"?/^] = 1. 

n=l 

4. Quantum random variables with quantum expectation zero 

We will shortly prove a characterization theorem for quantum random variables with quantum 
expectation zero. As a preliminary tool, we need the following straightforward lemma. 

Lemma 4.1. If z £ B(Ii)+, then ker( 2 ;) = ker(z^/^) and Ran( 2 ;) = Ran(z^/^). 

Proof. If rj £ ker( 2 ;^/^), then z^^'^r] = 0 implying that zr] = = 0 so 77 G ker(z). Conversely, 

if 77 G ker( 2 ;), then 277 = 0 so that 0 = {zr], rj) = {z^^’^'q, z^^'^q) implying z^^'^q = 0 so 77 G ker( 2 :^/^). 
Since z G H(H)+ and z = z*, it follows from the orthogonal decomposition P = ker(z*) © Ran(z) 
that Ran(z) = Ran(z^/^). □ 

Theorem 4.2. If if : X ^ B{P)^ is a positive v-integrable quantum random variable, then the 
following statements are equivalent. 

(A) E, A] = 0. 

(B) Ran('0(x)) A Ran p-almost all x £ X. 

(C) 'ip{x)*^{x) = 0 for ]i-almost all x £ X. 

(D) {x) = 0 for pL-almost all x £ X. 

(E) ~ ^ q-almost all x £ X. 


Proof. Throughout the proof, let z = z{x) be given by z(x) = [ a~A) 

'ip{x) = frix)* since 'tp{x) £ B{P)+ for all x £ X. To show (E) (D), note that z = 0 if and only 

if z*z = 0 and 

1/2 xi/2 


1/2 


and note that 


( 5 ) 


du\ 


d/7 J 


du 


7 /^ K — (x) = —(x) ifix) —(x) 


d/i 


du 


d/7 


= z*z > 0. 


To show (A) (E) (C), suppose that Ejy [tp] = 0 which implies 

.1/2 xV 2 N 

( 6 ) 


J Tr(pz*z)d/7 = J Tr(p^^(x)^ j d/7 = Tr(pEj, [t/i]) = 0 


for every p £ S{P). Since z*z > 0, we deduce from Q that Tr {pz*z) = 0 for every x £ X and p £ 
S{P). Choosing p = 1/d £ SfH) implies that Tr(z*z) = 0, from which it follows that z = 0, namely 
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/du \ 

(E) holds. Multiplying (E) on the left by and on the right by ( —(x) ) yields (C). To 

Vd/i J 

show (B) (C) {D), note that if i/) is any B{l-L) valued (and not just valued) quantum 

random variable, then i/^(x)*^(x) = 0 if and only if (— {x)ri\ = 0 for all r] € T-L ii and 

d/i \ d^ / 


du 


du 


only if ( tpix)^, —{x)r] ) = 0 for all r] ^ H if and only if Ran(i/^(x)) T Ran ( — (x) ). That is, 


(B) 


(C). Hence, if (C) holds, then Lemma 


4.1 


ffdu 

implies Ran('0(x)) T Ran 


and 


/du \ 

so from the already proved (B) (C), we conclude il){x)* ( ^(^) ) ~ Taking the adjoint 

/du \ 

of the previous equality and multiplying on the right by ( ^(x) ) yields (D) as desired. To 


d/i 

complete the proof, we will show (D) (A). If V’ is any B{T-L) valued (and not just B{T-L)+ valued) 

quantum random variable for which (D) holds, then since E^/ [?/)] is the unique operator with 


Tr(pE, [V’]) = ^ Tr {^p I 
for all p G S{T-l), we conclude [ip] = 0 as required. 




□ 


In the event that ip is a BpH) valued quantum random variable, as opposed to a B{T-L)+ valued 
one, the statements of the previous theorem are no longer all equivalent. 

Corollary 4.3. Let ip : X ^ B{T-L) be a v-integrahle quantum random variable and consider the 
following statements. 

(A) E, [iP] = 0. 

(B) Ran(i/^(x)) T Ran p-almost all x G X. 

(C) V'(x)* —(x) = 0 for p-almost all x G X. 

(D) ^ (x) = 0 for p-almost all x G X. 

The following diagram describes the relationships between these statements. 

(B) ^ (C) (D) (A) 

Moreover, no other implications hold in general. 

Proof. The fact that the implications (B) (C) =i> (D) and (D) => (A) hold for B{'H) valued 

quantum random variables was established in the proof of Theorem |4.2[ To show that no other 
implications hold in general, we consider two examples. Let X = {xi,X 2 }, and consider the 
quantum probability measures vi and V 2 defined by 


M{xi}) = vi{{x2}) = 


and U 2 ({xi}) = 


' 1/2 0 
0 1/2 

as well as the quantum random variables ipi and ip 2 defined by 


1 0 
0 0 


V’i(xi) = 


1 0 
0 1 


, f’l{x2) = 


-1 0 
0 -1 


and ip 2 {xi) = 


0 1 
1 1 


U2({X2}) = 


'tp2{x2) = 


0 0 
0 1 


1 1 
1 0 


Since X is finite, the principal Radon-Nikodym derivative is easily computed, namely 

dp,^ Tr(u({x,})) 
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for i,j G {1, 2}. It is now easy to check that = 


0 0 
0 0 


although 


and 


dfjLi 


1 0 
0 1 

1 o' 
0 1 


and i/'i(x 2 )*^(x 2 ) = 
d/ii 


and 




-1 0 
0 -1 

-1 0 
0 -1 


Hence, in this example (A) holds, but neither (C) nor (D) hold. Moreover, one can check that 




ix2) = 


0 0 
0 0 


whereas 




0 0 
2 0 


and ii 2 {x 2 )*^^{x 2 ) = 
d/X2 


0 2 
0 0 


providing an example for which (D) holds, but (C) does not hold. 


□ 


Corollary 4.4. If ip : X ^ B{I-L) is a v-integrahle quantum random variable and ip{x) 
for ^-almost all x G X, then [ip] = 0. 


di^ 

d^ 


(x) = 0 


Proof. It follows from the implication (C) (A) of Corollary |4.3| that E^/ [ip*] = 0 and so 'Ky [ip] = 

Ejy [ip**] = Ej, [ip*]* = 0* = 0 as required. □ 


5. A QUANTUM MARTINGALE CONVERGENCE THEOREM 

In this section we establish a quantum martingale convergence theorem for quantum martingales 
obtained by conditioning on a fixed quantum random variable. Recall that a stochastic process 
{Mj}^Q defined on a filtered probability space is a martingale with respect to the filtration 
if (i) Mj is Jvj-measurable, (ii) E[|Mj|] < oo, and (hi) Mj = E[Mj_|_i| Jy] for all j. The following 
version of the martingale convergence theorem is suitable for our purposes; see Theorem 3.7.3 of [T] 
for a proof. 

Theorem 5.1 (Martingale Convergence Theorem). If {Mj}^Q is a martingale with respect to the 
filtration and there exists C > 0 such that E[|Mj|] < C for all j, then there exists a 

random variable M^o such that E[ |Moo| ] < oo and Mj converges to M^o almost surely. 

When the martingale is obtained by conditioning on a fixed random variable, the martingale 
convergence theorem takes the following form; see Corollary 3.6.9 of [1]. 

Corollary 5.2. If X is a random variable on the filtered probability space (H, P) and 

satisfies E[|A|] < oo, then the martingale Mj = E[A|T)] converges both almost surely and in 

L^(H,P) to Moo = E[A|Too] where Xoo = cr If either (i) X is Xoo-fneasurable, or (ii) 

Too = X, then M^o = X. 

We now turn our attention to quantum conditional expectation. The following result summarizes 
the relevant facts from [2] that we need; see, in particular, the proof of Theorem III.l. 

Theorem 5.3. Suppose that (A, 0(X), v) is a quantum probability space, and that ip : X ^ 13(77)+ 
is a u-integrable quantum random variable with Ej, [ip] / 0. If X{X) is a sub-a-algebra of 0{X), 
then there exists a function ip : X ^ BpH) such that 

(a) p is X{X)-measurable, 

(b) p is u-integrable, and 

(c) E,, [iPxe] = [pXe] for every E £ X{X). 
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We call ip a version of quantum conditional expectation of V’ given J-{X) relative to u and write 
<y9 = Ejy [i/)|W(X)]. Moreover, if (p is any other u-integrable J^(X)-measurable function satisfying 
H’Xe] = ['^’Xe] for every E G X{X), then u({x G X : ip{x) / <^(x)}) = 0. Thus, instead of 

saying “(/j = Ejy ['(/’|J^(W)] u-almost surely” we identify different versions and say that E^, [i/)|T'(X)] 
is the quantum conditional expectation of V’ given E{X) relative to u. In fact, if E = is the 

restriction of v to E{X), and 

h{E) = [ tjjdu', 

Je 

for E G X{X), then (^ = E^, [?/i|W(X)] = Clearly, ip : X ^ for u'-almost all x £ X. 

Since u'-measure zero sets have u-measure zero, setting 

ip{x) = E^ [i/>|W(X)] (x) = I ^ ^(^)+> 

lo, otherwise, 

implies ip : X ^ B{T-L)+ for all x € X. We are now able to prove the important tower property for 
quantum conditional expectation. Note that this was not considered in [2]. 

Theorem 5.4. If 'tp : X ^ B{I-L)j^ is a v-integrable quantum random variable with Ej^ [ip] 0, and 
E{X), Q{X) are sub a-algebras of 0{X) such that X{X) C Q{X), then 

(7) E, [E, [iP\E{X)]\g{X)] = E, [iP\E{X)] = E, [E, [iP\g{X)]\E{X)] . 

Proof. Define iff = Ej, [i/)|W(W)] and ipg = [i/^|^(W)]. To prove the theorem, we will verify that 

Ey[ipf\g{X)\ = ipf = K^[ipg\E{X)]. The first equality in Q follows immediately from the fact 
that iff is ^(X)-measurable and X{X) C g{X). As for the second equality in Q, observe that 
if F G X{X) and G G g{X), then E^[ipfXF] = Ei,[iPxf] and E^lipgXc] = ^uiipXc], implying 
Ei^[iPgXF] = ^ui'f’XF]- This, in turn, implies that Ei,[ipfXF] = ^uiPgXF] for any E G X{X) 
yielding ipg = ipf as required. □ 

In analogy with the classical definition, we now state the definition of a quantum martingale. 

Definition 5.5. Let (A, 0{X), u) be a quantum probability space. A sequence of quantum random 
variables {ipj}’^Q is called a quantum martingale with respect to the filtration {Fj(A)}^Q if 

(a) ipj is Fj(A)-measurable for all j, 

(b) ipj is u-integrable for all j, and 

(c) Ej, [ipj+i\Ej{X)] = ipj for all j. 

It is also important to know that a quantum martingale is obtained by conditioning on a fixed 
quantum random variable. 

Theorem 5.6. If ip : X —)• B{'H)+ is a v-integrable quantum random variable and E^ [ip] 0, 
then the sequence of Ej{X)-measurable v-integrable quantum random variables {ipj}^^ where ipj = 
E^[ip\Ej{X)] is a quantum martingale. 

Proof. The fact that ipj is Fj(A)-measurable follows immediately from the definition of condi¬ 
tional expectation. The fact that ipj is u-integrable follows since xp is u-integrable and E^ [ipj] = 
El, [Ejy ['i/)|Fj(A)]] = Ejy [?/)]; see Proposition 4.3 of [2] for a proof of this fact. We now observe that 
Ei,[ipjj^i\Fj{X)] = Ei,^i,[ip\Fj+i{X)]\Fj{X)] and so from the tower property. Theorem |5.4| we 
have Ei/ [Ejy [ip\Fj+i{X)]\Fj{X)] = E^ [ip\Fj{X)] = ipj as required. □ 

Theorem 5.7 (Continuity of Quantum Conditional Expectation). Let {X,0{X),v) be a quantum 
probability space and suppose that F{X) C 0{X) is a sub a-algebra. Suppose further that {’ipn}^=Q 
is a sequence of v-integrable quantum random variables with ipn'. X ^ F(77)+ and Ei, [ipn] 7^ 0 for 
all n. If Ipn converges ultraweakly p-almost surely to fj, then Ey [ipn\X{X)\ converges ultraweakly 
pi-almost surely to Ey [ip\F{X)\. 
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Proof. For any F G F{X), we know V'nX-F converges ultraweakly //-almost surely to ipXF- Theo¬ 
rem 3.4 says that Ki, [ipnXF] [V’Xe] ultraweakly implying that [f)n\X{X)] converges ultra- 

weakly /i-almost surely to \fj\F{Xy\ as required. □ 


Our next preliminary result relates the quantum conditional expectation [i/l|T'(X)] with the 
family of classical conditional expectations E^ [V’p|T'(JT)] ior p ^ 

Proposition 5.8. If if : X ^ is a v-integrable quantum random variable with E,y [fj] ^ 0, 

then the following statements are equivalent. 

(A) v{{x\ip{x) = Ej. [il)\F{X)\ (x)}) = 1. 

(B) p{{x\ipp{x) = E^ [il:p\F{X)] (x) V/> G S{U)]) = 1. 

Proof. Let (p = [?/)|T’(Al)] so that </? is a T'(A)-measurable quantum random variable with 

the property that Ejy [pxe] = [V’Xe] for every E G iF{X). However, this holds if and only 
if for all p G S{T-l) we have Tr(pEjy [(PXe]) = Tr(/?E,y [iI’Xe]) which in turn holds if and only if 
[{pXe)p] = E/, [(V’Xe)p]- However, {pxe)p = PpXE so that E^, [ppXE] = E^ [V'pXe]- Therefore, 
Pp = E^[ifp\F{X)]. □ 


We are now in a position to prove the main result of this paper, namely a quantum martingale 
convergence theorem for the quantum martingale pj = [f)\Fj{X)]. Although we will prove that 

the sequence has a unique limit, in contrast to the classical situation, the value of the 

limiting random variable poo cannot be determined in general. In fact, all that can be said is that 
Poo and El, [f)\Fao{X)] differ by a quantum random variable satisfying 4>p = 0 for all p G SifH). 

Theorem 5.9 (Quantum Martingale Convergence Theorem). Let {X, 0{X), v) be a quantum prob¬ 
ability space with filtration {Fj{X)}^Q, and let if : X ^ he a v-integrable quantum random 

variable with Ej, [V'] 7 ^ 0. Consider the quantum martingale pj = Ki,[ip\Fj{X)]. There exists a 
v-integrable quantum random variable poo such that 

(i) Pj converges ultraweakly p-almost surely to poo, 

(ii) Poo is Foo{X) = a (^\J^QFj{X)^-measurable, and 

(iii) Poo G {E, [if\Foo] + $ I $p = 0 Vp G S{n)}. 

Furthermore, if either 

(iv) Foo{X) = 0{X), or 

(v) if is FooiX)-measurable, 

then Poo G {V' -I- | <l>p = 0 V/j G S{'H)}. 

Proof. For every p G S{Ti), since pj is z/-integrable it follows that pj^ is /t-integrable and satisfies 


Ep [\Tj,\] = Tp [|Ep [V'p|T)-(X)]|] < Ep [\ifp\] 


for all j. By the martingale convergence theorem. Theorem 5.1 
/i-integrable poop such that 

(a) pjp converges to poop almost surely. 


for every p G S{T-l) there exists a 


(b) Poop is Foo{X) = a 

(c) Poop = Ep [ifp\FooiX)]. 

But this implies that pj converges ultraweakly //-almost surely to some poo with poop = Poop for 
all p G S{PL). By the continuity of quantum expectation, it follows that poo is //-integrable. Let 
p = [if\FooiX)] so that 


Tp — Tp [V^pl-T 3o(A')] — Poop — Toop- 

However, if 4> is another //-integrable quantum random variable with <I>p = 0 for all p G S{'H), then 
{p + 4')^ = pp + ^p = pp = p^^ implying 


Poo G {E, [if\Foo] + 4> I $p = 0 Vp G 5(7^)} 
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as claimed. Finally, if either Foo{X) = 0{X) or 'll; is 7oo(-^)-measurable, then ['il;\Fao{X)] = V’ 
so that ipoo G {V' + ^ I ‘hp = 0 VyO G S{T-L)} as required. □ 

We will now study the set of possible limits from our quantum martingale convergence theorem. 

Theorem 5.10. Let (X,0(X),i;) be a quantum probability space and let xf; : X ^ 13{'H)+ be a 
ly-integrable quantum random variable. Define the set 


= {^1^ = [V’l.^oo(^)] + $ with $p = 0 Vp G s{n)}. 

// 'hi G Fj/^^ then ^2 G Fj/^^ if and only if ('£'2 — 'hi) Kl — = 0. 

Proof. Let ihi, 'h2 G Fj^,^ so that ihi^ = ^ 2 p for all p G SlfH). Therefore, 


0 = 


GII=^I/>I('I'2-4'i)hE) 


Since this equality holds for all p G S{'H), it follows that ('h 2 — ihi) Kl 
the same reasoning in reverse gives the theorem. 


dp 


0 as required. Following 

□ 


We can now use our results from Section to study . We know that if is a quantum 
random variable then $p = 0 implies E^/ [$] = 0 whereas the converse is not necessarily true. 

Corollary 5.11. If = {\h|'h = Ej, ['il)\Foc{X)] + <h, Ej, [<h] = 0}, then C 

Proof. Suppose that 'h G Then 'h = E,y [iplFooiX)] + <h where <hp = 0 for all p G S{H). Then 
by the earlier remark, it follows that E,y [<h] = 0, so that 'h = Ej, [filFooiX)] + <h with E^, [$] = 0. 
Hence 'h G and C as required. □ 
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